Two term approximation of a model equation using the new theory of shock dynamics  by Ravindran, R.
PERGAMON Applied Mathematics Letters 12 (1999) 1-5 
Applied 
Mathematics 
Letters 
Two Term Approximation of 
a Model Equation Using the 
New Theory of Shock Dynamics 
R.  RAVINDRAN 
Department of Mathematics, Indian Institute of Science 
Bangalore 560 012, India 
(Received March 1998; revised and accepted November 1998) 
Abst rac t - -Th is  paper investigates the error involved in approximating a simple model equation, 
with an initial discontinuity, by using just two terms in the NTSD system. (~) 1999 Elsevier Science 
Ltd. All rights reserved. 
Keywords--Approximation, Shocks, Partial differential equations, Nonlinearity. 
1. INTRODUCTION 
Starting with the two innovative and expository papers [1,2] these authors have proposed the 
"New Theory of Shock Dynamics" (NTSD, for short). This was followed by a series of pa- 
pers [1-10], where one can follow an initial discontinuity or shock governed by a hyperbolic 
system of equations in single and multiple space dimensions. NTSD predicts the position of the 
discontinuity at any later time and gives the entire details of the state just behind the discon- 
tinuity. In the particular case of one space dimension, this requires the solution of an infinite 
system of ordinary differential equations, which have to be truncated at some stage for a possi- 
ble analytical or numerical solution. The question arises as to how exact such a truncation is, 
and what the error involved is. To illustrate this, we study here a simple model equation, and 
calculate the error involved for all time, when the system is truncated after two equations. 
Given 
where 
. GOVERNING EQUATIONS 
Ou Ou 
+ u~ --- 0, 
0---/ ox  
(2.1) 
u(x, 0) =/ (x ) ,  X l  < x < x0,  
= 0, otherwise, 
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and f (X1)  = O, f (Xo)  ¢ 0. Suppose f (Xo)  = Uoo, f ' (Xo)  = Vl0, f ' (Xo)  -= V20,..., fn (Xo)  ~-  
vno, . . . .  To approximate this system in the neighbourhood of the discontinuity for any time 
t > 0, we use a two term NTSD system 
m 
dX _ uo dg-5o UoVl 
dt 2 '  d~- -  2 ' dt - -  v12, (2.2) 
with initial conditions 
x(o)  =Xo,  ~(o)  =~oo, ~(o)  =~o.  (2.3) 
The solution to this system is given by 
- -  uoot  (2.4) uoo vlo X( t )  = Xo + 1 + x/1 + riot" ~(t )  - ~ ,  ~( t )  = 1 + V~ot' 
This gives an approximate value of u(x, t) 
~(~, t) = ~( t )  + (~ - -Z(t)) ~11(t), 
= Uoo + Vl0(X - X0)(1 + vlot), 
~0, 
X2 < z < x ( t )  
elsewhere, 
where X2 = Xo - uoo/vlo. It is to be noted here that ~(x, t) also satisfies the equation 
Og 0g 
o~ + ~ = 0. (2.5) 
Let R(x,  t) = u(x, t) - ~(x, t). Then R(x,  t) satisfies the eq.uation 
OR OR R Og 
o-7 + (R + ~) ~ + oz = 0. (2.8) 
One gets easily two first integrals involving R, 
R + ~ = C1, R(1 + vlot) = C2. (2.7) 
The initial conditions on R are 
R(x,  O) = f (x )  - uoo - vlo(x - Xo), X2 < x < Xo, 
= f (z ) ,  X1 < z < X2, 
= 0, elsewhere. 
In the special case of quadratic initial data 
f ( z )  = Uoo + Vlo(z - Xo) + v2o(x - Xo) 2. (2.8) 
For X2 < x < Xo, the two first integrals give 
Uoo + Vlo(x - Xo) + v2o(z - Xo) 2 = C1, v20(x - Xo) 2 = C2. 
If we eliminate (x - Xo) between these two equations, we find that R satisfies the quadratic 
equation 
~_ 1 + vlot V2o J + [ 1 ÷ riot J = 0, (2.9) 
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for 2(2(t) < x < X( t ) ,  where X2(t) = X2 + f(X2)t.  Here 
R(x,t)_  l+VlOt [ ~ ~ .uoot - (x -Xo) ]  2 
4v~ot2 1 - 1 - ~o~ (--1 :~ ~--~o-~)~ ] " (2.10) 
In the case when vlo, v20 are positive, R(x, t) > 0. Also R(x, t) is a decreasing function of x in 
-~2(t) ,X(t) ,  and is a min imum at x = X(t) .  
The error in u at the approximate shock position x = X(t)  is denoted as R(t) and is given by 
where 
R(-X(t),t) l+Vl0t [ ~ / -~-~]2  
R(t)  --_ - - uoo 4uoov2ot 2 1 , (2.11) 
4uoov2ot 2 
F( t )  = 
(1 + VlOt) 3/2 (1 + ~ ) '  
Using the above expression for R(t), one gets 
n(t) < 4~ ~00v20 (2.12) 
u00 - 1+v10-----~' 3 -  v~ ° , 
so that  R(t)/uoo tends to zero faster than ~(t)/uoo as t --~ oo. The max imum error at the 
approx imate shock position can be found. It is a solution of the sixth-order algebraic equation 
(1 + z 2) (1 - 2z) = fl(1 - z)4(2 + z) 2, z2 _ 1 . (2.13) 
1 + vlot 
For/3 > 0, all positive roots lie between z = 0 and z = 1/2. 
The exact (x = X(t) )  and approximate (x = X(t) )  positions of the shock, respectively, satisfy 
the equations 
dX 1 u(X(t) ,  t), dX 1 
dt - 2 dt - ~ ~(X( t ) ' t ) "  (2.14) 
To a first order of approximat ion X(t)  - X(t) ,  satisfies the differential equation 
d(X  __ 1 (X - -Z)  Vl~° ~- ~n(t). (2.15) 
dt 2 1 + vlot 
This equation can be solved with initial conditions: X = X = 0 at t = 0 to get 
X -X  _ l f t  R(t) (2.16) 
~/1 + vlot 2 Jo vJl + riot" 
From this, we conclude that  vlo/uoo[X - X[ < 4/3. 
3. REMARKS 
For the simple example considered, one can derive an exact expression for the error involved 
in using a two-term NTSD system. The solution of the two-term NTSD problem is very simple 
and elementary. However, in comparison with the exact solution, which is far more complicated 
and cannot be obtained in closed form, the error in the value of the unknown variable at the 
discontinuity is less than 4p/(1 + vl0t), which gives a good approximation for large t. Also, the 
error in the position of the discontinuity for large t is bounded. The range of values for fl is 
between 0 and 0.25. For ~ greater than 0.25, the initial disturbance is no longer confined. In the 
most extreme case, when/3 = 0.25, Figure 1 il lustrates the exactness of the NTSD solution. 
The NTSD is a simple system of equations, which gives relatively exact solutions at the dis- 
continuity. In the case of discontinuities propagat ing in fluids, the solution of the NTSD system, 
in comparison with the complete system, involves a huge saving in computat ional  t ime [9,10]. 
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